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TRIVIAL SOURCE ENDO-TRIVIAL MODULES FOR FINITE GROUPS
WITH SEMI-DIHEDRAL SYLOW 2-SUBGROUPS
SHIGEO KOSHITANI AND CAROLINE LASSUEUR
Dedicated to Jon Carlson on the occasion of his 80th Birthday and to Jacques The´venaz on the occasion
of his 70th Birthday.
Abstract. We finish off the classification of the endo-trivial modules of finite groups
with Sylow 2-subgroups isomorphic to a semi-dihedral 2-group started by Carlson, Mazza
and The´venaz in their article Endotrivial modules over groups with quaternion or semi-
dihedral Sylow 2-subgroup published in 2013.
1. Introduction
Endo-trivial modules play an important roˆle in the representation theory of finite
groups. For instance in the description of different types of equivalences between block
algebras. These modules were introduced by E. C. Dade in 1978 [Dad78a, Dad78b]. They
have been intensively studied since the beginning of the century and were classified in a
number of special cases: e.g. for groups with cyclic, generalised quaternion, Klein-four
or dihedral Sylow subgroups, for p-soluble groups, for the symmetric and the alternating
groups and their Schur covers, for the sporadic groups their Schur covers, or for some
infinite families of finite groups of Lie type. We refer the reader to the recent survey
book [Maz19] by N. Mazza and the references therein for a complete introduction to this
theory.
An endo-trivial module over the group algebra kG of a finite group G over an al-
gebraically closed field k of prime characteristic p is by definition a kG-module whose
k-endomorphism algebra is trivial in the stable module category. The set of isomorphism
classes of indecomposable endo-trivial kG-modules form an abelian group under the ten-
sor product ⊗k, which is denoted T (G), and this group is known to be finitely generated
by work of Puig. One of the central questions in this theory is to understand the structure
of the group T (G), and, in particular, of its torsion subgroup TT (G).
Now, letting X(G) be the subgroup of TT (G) consisting of all one-dimensional kG-
modules and K(G) be the subgroup of T (G) consisting of all the indecomposable endo-
trivial kG-modules which are at the same time trivial source kG-modules, we have
Hom(G, k×) ∼= X(G) ⊆ K(G) ⊆ TT (G)
and K(G) = TT (G) unless a Sylow subgroup is cyclic, generalised quaternion or semi-
dihedral (see [Maz19, Chapter 5]). Although it often happens that X(G) = K(G), in
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general X(G)  K(G). Furthermore, we emphasise that the determination of the struc-
ture of the endo-trivial modules lying in K(G) \X(G) is a very hard problem, to which,
up to date, no general solution is known. Most of the work that has been done in previous
articles provides case by case solutions to the determination of the abelian group structure
of K(G), but in the vast majority of the cases does not provide information about the
structure of the modules in K(G) \X(G).
In [CMT13] Carlson-Mazza-The´venaz essentially described the structure of the group
T (G) of endo-trivial modules for groups with a semi-dihedral Sylow 2-subgroup. However
they left open the question of computing the trivial source endo-trivial modules, i.e. the
determination of the structure of the subgroup K(G) of T (G). The purpose of the present
article is to finish off the determination of K(G) in this case. In order to reach this aim we
use three main ingredients, two of which were not available when [CMT13] was published:
1. The first one is a method we developed in [KL16] in order to treat finite groups
with dihedral Sylow 2-subgroups, extended in [LT17a] to a more general method
to relate the structure of T (G) to that of T (G/Op′(G)), which allows us to reduce
the problem to groups with O2′(G) = 1.
2. The second one is the classification of finite groups with semi-dihedral Sylow 2-
subgroups modulo O2′(G) due to Alperin-Brauer-Gorenstein [ABG70].
3. The third main ingredient relies on major new results obtained by J. Grodal
through the use of homotopy theory in [Gro99], or more precisely on a slight ex-
tension of the main theorem of [Gro99] recently obtained by D. Craven in [Cra20]
and which provides us with purely group-theoretic techniques to deal with Gro-
dal’s description of K(G) in [Gro99, Theorem 4.27]. The latter results will in
particular enable us to treat families of groups related to the finite groups of Lie
type SL3(q) with q ≡ 3 (mod 4) and SU3(q) with q ≡ 1 (mod 4).
With these tools, our main result is a description of the structure of the group of endo-
trivial modules for groups with a semi-dihedral Sylow 2-subgroup as follows:
Theorem A. Let k be an algebraically closed field of characteristic 2 and let G be a finite
group with a Sylow 2-subgroup P ∼= SD2m of order 2
m with m ≥ 4. Then the following
assertions hold.
(a) If G/O2′(G) ≇ PGL
∗
2(9), then T (G)
∼= X(G)⊕ Z/2Z⊕ Z.
(b) If G/O2′(G) ∼= PGL
∗
2(9)
∼= A6.23 ∼= M10, then T (G) ∼= K(G)⊕ Z/2Z⊕ Z where
K(G)/X(G) ≤ Z/3Z .
Moreover, K(G)/X(G) = 1 if G = PGL∗2(9) and the bound K(G)/X(G)
∼= Z/3Z
is reached by the group G = 3.PGL∗2(9).
We point out that in Theorem A in both cases the summand Z is generated by the
first syzygy module of the trivial kG-module and the summand Z/2Z is generated by a
torsion endo-trivial module which is explicitly determined in [CMT13, Proposition 6.4].
The paper is built up as follows. In Section 2 we introduce our notation. In Section 3
we quote the main results on endo-trivial modules which we will use to prove Theorem A.
In Section 4 we state and prove preliminary results on groups with semi-dihedral Sylow
2-subgroups. In Section 5 we compute the trivial source endo-trivial modules for the
special linear and special unitary groups and finally in Section 6 we prove Theorem A.
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2. Notation and definitions
Throughout this article, unless otherwise specified we adopt the following notation and
conventions. All groups considered are assumed to be finite and all modules over finite
group algebras are assumed to be finitely generated left modules. We let k denote an
algebraically closed field of prime characteristic p and G be a finite group of order divisi-
ble by p.
We denote by SD2m the semi-dihedral group of order 2
m with m ≥ 4, by Ca the cyclic
group of order a ≥ 1, by Aa and Sa the alternating and the symmetric groups on a
letters, and we refer to the ATLAS [CCN+85] and [ABG70] for the definitions of further
standard finite groups that occur in the statements of our main results. In particular,
for a prime power q and ε ∈ {−1, 1}, we set SL±12 (q) := {A ∈ GL2(q) | det(A) = ±1},
SU±12 (q) := {A ∈ GU2(q) | det(A) = ±1}, PSL
ε
n(q) = PSLn(q) (resp. GL
ε
n(q) = GLn(q),
SLεn(q) = SLn(q)) if ε = 1 and PSL
ε
3(q) = PSUn(q) (resp. GU
ε
n(q) = GUn(q), SU
ε
n(q) =
SUn(q)) if ε = −1. For ∅ 6=S ⊆ G ∋ g, x we write
gS := {gsg−1|s ∈ S} and xg := g−1xg.
We let Op′(G), resp. Op(G), be the largest normal p
′-subgroup, resp. p-subgroup, of G
and Op
′
(G) the smallest normal subgroup of G whose quotient is a p′-group. Following
[Cra20, Section 2], if P is a Sylow p-subgroup of G, then we define K◦G to be the normal
subgroup of NG(P ) generated by NG(P )∩O
p′(NG(Q)) for all NG(P )-conjugacy classes of
subgroups 1 < Q ≤ P . Clearly K◦G ENG(P ).
If M is a kG-module, then we denote by M∗ the k-dual of M and by Endk(M) its
k-endomorphism algebra, both of which are endowed with the kG-module structure given
by the conjugation action of G. We recall that a kG-module M is called endo-trivial if
there is an isomorphism of kG-modules
Endk(M) ∼= k ⊕ (proj)
where k denotes the trivial kG-module and (proj) denotes a projective kG-module or
possibly the zero module. Any endo-trivial kG-moduleM splits as a direct sumM = M0⊕
(proj) where M0, the projective-free part of M , is indecomposable and endo-trivial. The
set T (G) of all isomorphism classes of indecomposable endo-trivial kG-modules endowed
with the composition law [M ] + [L] := [(M ⊗k L)0] is an abelian group called the group
of endo-trivial modules of G. The zero element is the class [k] of the trivial module and
−[M ] = [M∗]. By a result of Puig, the group T (G) is known to be a finitely generated
abelian group (see [Maz19, Theorem 2.3]).
We let X(G) denote the group of one-dimensional kG-modules endowed with the tensor
product ⊗k . Clearly X(G) ≤ T (G) and we recall that
X(G) ∼= Hom(G, k×) ∼= (G/[G,G])p′ .
In particular, it follows thatX(G) = {[k]} when G is p′-perfect. Furthermore, we letK(G)
denote the subgroup of T (G) consisting of the isomorphism classes of indecomposable
endo-trivial kG-modules which are at the same time trivial source modules. It follows
easily from the theory of vertices and sources that K(G) is precisely the kernel of the
restriction homomorphism
ResGP : T (G) −→ T (P ), [M ] 7→ [Res
G
P (M)0]
where P is a Sylow p-subgroup of G. Clearly X(G) ⊆ K(G) and K(G) ⊆ TT (G) since
X(P ) = {[k]}. Moreover, by the main result of [CT00], we have K(G) = TT (G) unless
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P is cyclic, generalised quaternion, or semi-dihedral.
3. Quoted results
To begin with, we quickly review the results about T (G) in the semi-dihedral case
obtained by Carlson-The´venaz in [CT00] and Carlson-Mazza-The´venaz in [CMT13].
Theorem 3.1. Let p = 2 and let G be a finite group with a Sylow 2-subgroup P ∼= SD2m
of order 2m with m ≥ 4. Then the following assertions hold.
(a) [CT00, Theorem 7.1] T (P ) ∼= Z/2Z⊕ Z.
(b) [CMT13, Proposition 6.1] T (G) ∼= K(G)⊕ Im(ResGP ).
(c) [CMT13, Proposition 6.4] ResGP : T (G) −→ T (P ) is a split surjective group homo-
morphism.
(d) [CMT13, Proposition 6.4] TT (G) ∼= K(G) ⊕ Z/2Z, where the Z/2Z summand is
generated by a self-dual torsion endo-trivial module which is not a trivial source
module.
(e) [CMT13, Corollary 6.5] If P = NG(P ), then K(G) = ker(Res
G
P ) = {[k]} and hence
T (G) ∼= T (P ) ∼= Z/2Z⊕ Z.
Open Question 3.2. The remaining open question in the article [CMT13] by Carlson-
Mazza-The´venaz about finite groups G with semi-dihedral Sylow 2-subgroups is to compute
the structure of the group K(G) when the Sylow 2-subgroups are not self-normalising.
Next, we state below the main results which we will use in our proof of Theorem A.
However, they are all valid in arbitrary prime characteristic p.
Lemma 3.3 ([MT07, Lemma 2.6]). Let G be a finite group and let P be a Sylow p-
subgroup of G. If xP ∩ P 6= 1 for every x ∈ G, then K(G) = X(G). In particular, if
Op(G) > 1, then K(G) = X(G).
Then, the following lemma will be applied to semi-direct products of the form G = N⋊H
with p ∤ |G : N |.
Lemma 3.4 ([Maz19, Theorem 5.1.(4.)]). Let G be a finite group and let N E G such
that p ∤ |G : N |. If K(N) = X(N), then K(G) = X(G).
We will also use the following result from our previous paper on endo-trivial modules for
groups with dihedral Sylow 2-subgroups.
Theorem 3.5 ([KL16, Theorem 1.1]). Let G be a finite group with p-rank at least 2 and
which does not admit a strongly p-embedded subgroup. Let H E G be a normal subgroup
such that p ∤ |H|. If H2(G, k×) = 1, then
K(G) = X(G) + InfGG/H(K(G/H)) .
In case H2(G, k×) 6= 1, then we may apply the following generalisation of the above result.
Theorem 3.6 ([LT17a, Theorem 1.1]). Let G be a finite group with p-rank at least 2
and which does not admit a strongly p-embedded subgroup. Let Q˜ be any p′-representation
group of the group Q := G/Op′(G).
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(a) There exists an injective group homomorphism
ΦG,Q˜ : T (G)/X(G) −→ T (Q˜)/X(Q˜) .
In particular, ΦG,Q˜ maps the class of Inf
G
Q(W ) to the class of Inf
Q˜
Q(W ), for any
endo-trivial kQ-module W .
(b) The map ΦG,Q˜ induces by restriction an injective group homomorphism
ΦG,Q˜ : K(G)/X(G) −→ K(Q˜)/X(Q˜) .
(c) In particular, if K(Q˜) = X(Q˜), then K(G) = X(G).
For further details on the notion of a p′-representation group we refer the reader to the
expository note [LT17b]. We emphasise that if the Schur multiplier is a p′-group, then a
p′-representation group is just a representation group in the usual sense.
Finally, we will apply a recent result obtained by David Craven in [Cra20], which provides
us with a purely group-theoretic method in order to use Grodal’s homotopy-theoretical
description of K(G) of [Gro99, Theorem 4.27].
Lemma 3.7 ([Cra20, Section 2]). Let G be a finite group and let P be a Sylow p-subgroup
of G. If K◦G = NG(P ), then K(G)
∼= {[k]}.
Proof. Assuming K◦G = NG(P ), by [Cra20, Theorem 2.3 and the remark before Theo-
rem 2.3] we have
K(G) ∼= (NG(P )/K
◦
G)
ab = 1 .
The claim follows. 
From now on and for the remainder of this article, we assume that p = 2.
4. Some properties of groups with semi-dihedral Sylow 2-subgroups
Groups with semi-dihedral Sylow 2-subgroups are classified as follows as a byproduct of
the results of Alperin-Brauer-Gorenstein in [ABG70]. This observation, essential to our
analysis of the endo-trivial modules, is due to Benjamin Sambale.
Proposition 4.1 ([Sam19]). Let G be a finite group with a Sylow 2-subgroup isomorphic
to SD2m (m ≥ 4) and O2′(G) = 1. Let q := r
n denote a power of prime number r. Then
one of the following holds:
(SD1) G ∼= SD2m;
(SD2) G ∼= M11 and m = 4;
(SD3) G ∼= SL±12 (q)⋊ Cd where q ≡ −1 (mod 4), d | n is odd and 4(q + 1)2 = 2
m;
(SD4) G ∼= SU±12 (q)⋊ Cd where q ≡ 1 (mod 4), d | n is odd and and 4(q − 1)2 = 2
m;
(SD5) G ∼= PGL∗2(q
2)⋊ Cd where r is odd, d | n is odd and 2(q
2 − 1)2 = 2
m;
(SD6) G ∼= PSLε3(q).H where q ≡ −ε (mod 4), H ≤ C(3,q−ε) × Cn has odd order and
4(q + ε)2 = 2
m;
In addition, two crucial results for this piece of work are given by the following lemma
and proposition, which will allow us to apply Theorem 3.5 and Theorem 3.6.
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Lemma 4.2. A finite group with a semi-dihedral Sylow 2-subgroup does not admit any
strongly 2-embedded subgroup.
Proof. The Bender-Suzuki theorem [Ben71, Satz 1] states that a finite group G with a
strongly 2-embedded subgroup H is of one of the following forms:
1. G has cyclic or generalised quaternion Sylow 2-subgroups and H contains the
centraliser of an involution; or
2. G/O2′(G) has a normal subgroup of odd index isomorphic to one of the sim-
ple groups PSL2(q), Sz(q) or PSU3(q) where q ≥ 4 is a power of 2 and H is
O2′(G)NG(P ) for a Sylow 2-subgroup P of G.
Therefore, it follows from Proposition 4.1 that such a group cannot admit a semi-dihedral
Sylow 2-subgroup. 
Proposition 4.3. Let G be a finite group with a semi-dihedral Sylow 2-subgroup P ∼=
SD2m for some m ≥ 4 and O2′(G) = 1. Let q := r
n denote a power of prime number r.
Then the following assertions hold.
(a) If G = SD2m, then H
2(G, k×) = 1.
(b) If G = M11, then H
2(G, k×) = 1.
(c) If G = SL±12 (q)⋊Cd where q ≡ −1 (mod 4) and d | n is odd, then H
2(G, k×) = 1.
(d) If G = SU±12 (q)⋊Cd where 9 6= q ≡ 1 (mod 4) and d | n is odd, then H
2(G, k×)=1.
(e) If G = SU±12 (9), then H
2(G, k×) ∼= C3.
(f) If G = PGL∗2(q
2) ⋊ Cd where q
2 6=9 is odd and d is an odd divisor of n, then
H2(G, k×) = 1.
(g) If G = PGL∗2(9), then H
2(G, k×) ∼= C3.
(h) If G = PSLε3(q).H where q ≡ −ε (mod 4) and H ≤ C(3,q−ε) × Cn is cyclic of odd
order, then |H2(G, k×)|
∣∣(3, q − ε) .
(i) If G = PSLε3(q).H where q ≡ −ε (mod 4) and H ≤ C(3,q−ε) × Cn is non-cyclic of
odd order, then |H2(G, k×)|
∣∣9.
Proof. LetM(G) := H2(G,C×) denote the Schur multiplier of G. Then it well-known that
H2(G, k×) ∼= M(G)2′ (see e.g. [Kar87, Proposition 2.1.14]) and we set h := |H
2(G, k×)|.
In order to compute h we recall that if N E G such that G/N is cyclic then, by [Jon74,
Theorem 3.1(i)], we have
|M(G)|
∣∣∣ |M(N)| · |N/[N,N ]| . (∗)
We compute:
(a) Because the Schur multiplier of a cyclic group is trivial, we obtain from [Kar87,
Theorem 2.1.2(i)] (or [Isa08, Corollary 5.4]) that if p is an odd prime divisor of
|M(G)| then a Sylow p-subgroup of G must be noncyclic, hence |M(G)2′ | = 1.
(b) See the ATLAS [CCN+85, p.18].
(c) First, we have SL±12 (q)
∼= SL2(q).2 (see [ABG70, Chapter I, p.4]). Thus (∗) yields
M(SL±12 (q)) = 1
since SL2(q) is perfect and has a trivial Schur multiplier as q ≡ 3 (mod 4) (see
[Kar87, 7.1.1.Theorem]). Therefore, we may apply (∗) again to G = N ⋊ Cd with
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N = SL±12 (q). Because |N/[N,N ]| = 2 we obtain
|M(G)|
∣∣∣ |M(N)|·|N/[N,N ]| = 2
and it follows that h = |M(G)2′ | = 1.
(d) We have SU±12 (q) = SU2(q).2 (see [ABG70, Chapter I, p.4]) and SL2(q)
∼= SU2(q).
Therefore, as q 6= 9 we have M(SU2(q)) ∼= M(SL2(q)) = 1 (see [Kar87, 7.1.1.The-
orem]) and the claim follows by the same argument as in (c), applying (∗) twice.
(e) We have SU±12 (9)
∼= 2.PGL2(9) ∼= 2.A6.22 (see [ABG70]), hence by [Kar87, 2.1.15
Corollary] and the ATLAS [CCN+85, p.4] we obtain that
M(G)2′ ∼= M(A6.22)2′ ∼= C3 .
(f) We have PGL∗2(q
2) = PSL2(q
2).2 (see [Gor69, p. 335]). Now, if q2 6= 9, then
PSL2(q
2) is perfect and has a Schur multiplier of order 2. Therefore applying (∗)
twice as in (c) it follows that h = |M(G)2′ | = 1.
(g) We read from the ATLAS [CCN+85, p.4] that G = PGL∗2(9)
∼= M10 ∼= A6.23 and
h = 3.
(h) Write G = N.H with N := PSLε3(q) (q ≡ −ε (mod 4)). Because N is perfect by
(∗), we have that
|M(G)|
∣∣∣ |M(N)| = (3, q − ε)
as M(N) ∼= C(3,q−ε) (see e.g. [CCN
+85]). Hence h = |M(G)2′ |
∣∣(3, q − ε) .
(i) We keep the same notation as in (h), that is G = N.H with N := PSLε3(q) (q ≡ −ε
(mod 4)). Now, asH is not cyclic, we have H ∼= C3×Ca with 3 | a. ForX := N.C3
we obtain that |M(X)|
∣∣|M(N)| = 3 by (∗). Then applying (∗) a second time, we
get
|M(G)|
∣∣∣ |M(X)| · |X/[X,X ]| = 9 .
Hence h = |M(G)2′ |
∣∣9 .

Remark 4.4. We note that if in case (SD6) of Proposition 4.1 the extension G =
PSLε3(q).H is split, then it follows from a general result of K. Tahara [Tah72, Theorem 2]
on the second cohomology groups of semi-direct products that H2(G, k×) ∼= C(3,q−ε) if H
is cyclic and H2(G, k×) ∼= C3 × C3 if H is non-cyclic.
5. Endotrivial modules for SLε3(q) with q ≡ −ε (mod 4)
In this section, we compute K(G) for G = SLε3(q) with q ≡ −ε (mod 4) over an al-
gebraically closed field of characteristic 2. We note that for the sepcial linear group
G = SL3(q) with q ≡ −1 (mod 4) the structure of K(G) is in principle given by [CMN16,
Theorem 9.2(b)(ii)], namely K(G) = X(G). However, the proof given to this fact in
[CMN16] contains a minor error: the authors assumed that a Sylow 2-subgroup S of the
simple group H = PSL3(q) is always self-normalising, which is not correct in general, as
NH(S) ∼= S × Z where Z is a cyclic group of order (q − 1)2′/(q − 1, 3). (See e.g. [Kon05,
Corollary on p.2]). For this reason, we treat both SL3(q) and SU3(q) below.
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Throughout this section we let G := SLε3(q) and G˜ := GL
ε
3(q) with q ≡ −ε (mod 4) an
odd prime power and we define q to be q if ε = 1 and q2 if ε = −1. Furthermore, we let
ı : GLε2(q) −→ SL
ε
3(q), a 7→
(
a 0
0 det(a)−1
)
be the natural embedding. Now, in order to describe the normaliser of a Sylow 2-subgroup
P of G, we follow the procedure described in [SFT18, Sections 7 and 8] to obtain NG(P )
from the normaliser NG˜(P˜ ) of a Sylow 2-subgroup P˜ of G˜ as given by Carter-Fong [CF64].
Firstly, as the 2-adic expansion of 3 is 3 = 2r1 + 2r2 with r1 = 1 and r2 = 0 we have
P˜ ∼=
∏2
i=1 S
ε
ri
(q) where Sεri(q) ∈ Syl2(GL
ε
2ri (q)) and
NG˜(P˜ )
∼= P˜ × C(q−ε)
2′
× C(q−ε)
2′
.
Concretely, we may assume that P˜ is realised by embedding
∏2
i=1 S
ε
ri
(q) ≤
∏2
i=1GL
ε
2ri (q)
block-diagonally in a natural way. Moreover, for 1 ≤ j ≤ 2 the corresponding factor
C(q−ε)
2′
is embedded as O2′(Z(GL
ε
2rj (q))), so that an arbitrary element of NG˜(P˜ ) is of
the form xz with x ∈ P˜ and z is a diagonal matrix of the form z = diag(λ1I2, λ2) with
λ1, λ2 ∈ C(q−ε)
2′
≤ F×q and I2 the identity matrix in GL2(q).
Lemma 5.1. The following assertions hold:
(a) P := P˜ ∩G = {ı(x) | x ∈ Sε1(q)} is a Sylow 2-subgroup of G which is normal in P˜ ;
(b) NG(P ) = P × O2′(CG(P )) where
O2′(CG(P )) = {diag(λ1I2, λ
−2
1 ) | λ1 ∈ C(q−ε)2′ ≤ F
×
q }
∼= C(q−ε)
2′
.
Proof. Part (a) is given by [SFT18, Sections §8.1]. For part (b), first, as P is semi-dihedral
its automorphism group Aut(P ) is a 2-group and it follows that
NG(P ) = PCG(P ) = P × Z with Z := O2′(CG(P )) .
Now by [SFT18, Sections §8.1], we have NG(P ) = NG˜(P˜ )∩G and the claim follows from
the above description of NG˜(P˜ ). 
Lemma 5.2. Consider the diagonal matrices
u :=

1 0 00 −1 0
0 0 −1

 , v :=

−1 0 00 1 0
0 0 −1

 ∈ G
and set Q := 〈u, v〉 ≤ G. Then the following assertions hold:
(a) Q = 〈u〉 × 〈v〉 ∼= C2 × C2 ;
(b) the centraliser of Q in G is
CG(Q) = {diag(η1, η2, (η1η2)
−1) | η1, η2 ∈ C(q−ε) ≤ F
×
q }
∼= Cq−ε × Cq−ε ∼= Q× C(q−ε)
2′
× C(q−ε)
2′
;
(c) the normaliser of Q in G is NG(Q) ∼= (Q× C(q−ε)
2′
× C(q−ε)
2′
).S3 ; and
(d) O2
′
(NG(Q)) = NG(Q) .
Proof. (a) It is straightforward to see that u and v have order 2 and commute with
each other, hence Q = 〈u, v〉 = 〈u〉 × 〈v〉 ∼= C2 × C2 .
(b) It is clear that a matrix c ∈ G such that cu = uc and cv = vc must be a diagonal
matrix of the form diag(η1, η2, (η1η2)
−1) with η1, η2 ∈ C(q−ε) ≤ F
×
q . The claim
follows.
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(c) Let ζ is a generator of the subgroup C(q−ε)
2′
≤ F×q . Then for the centraliser
CG(Q) ∼= Q × C(q−ε)
2′
× C(q−ε)
2′
we may identify the first factor C(q−ε)
2′
with
X := 〈x〉 where x = diag(ζ, ζ, ζ−2) and the second factor C(q−ε)
2′
with Y := 〈y〉
where y = diag(ζ, 1, ζ−1), namely CG(Q) = Q × X × Y . Now, we consider the
matrices
t :=

1 0 00 0 1
0 −1 0

 ∈ G and a :=

0 1 00 0 1
1 0 0

 ∈ G .
Clearly t2 = u, so that t has order 4. Also
(uv)t(uv)−1 = (uv)t(uv) = t−1, ut = u, vt = uv, and (uv)t = v,
so that
G ≥ D := 〈uv, t〉 ∼= D8 .
Clearly a has order 3 and we compute that
at = a2uv, ua = v, va = uv, (uv)a = u . (1)
It follows that
G ≥ S := 〈u, v, t, a〉 ∼= S4, Q ⊳ S and S/Q ∼= S3.
Moreover,
xa = xy−3, xt = x−2y3, ya = xy−2, yt = x−1y2. (2)
hence we have
S ≤ NG(Q×X × Y ) but also S ≤ NG(Q) .
Therefore,
(Q×X × Y ).S3 (non-split extention) ∼= (Q×X × Y )S ≤ NG(Q) (3)
and it follows from [ABG70, Proposition 1 in Chapter II, Section 1] that
NG(Q)/CG(Q) ∼= S3 . (4)
Finally it follows from (3) and (4) that
NG(Q) = (Q×X × Y )S ∼= (Q× C(q−ε)
2′
× C(q−ε)
2′
).S3 .
(d) SetN := NG(Q) andH := O
2′(N). By the proof of (c) we haveN = 〈X, Y, u, v, t, a〉,
therefore it suffices to prove that u, v, t, a ∈ H and X, Y ≤ H . To begin with,
since u, v, t are all 2-elements in N , we have
Q ≤ D ≤ H
and it is clear that u, v, t ∈ H . Now, since t ∈ H EN ∋ a, we have
H ∋ (t−1)a = a−1t−1a = a−1t−1a t t−1 = a−1 at t−1 = a−1 a2uv t−1 = auvt−1
where the last-but-one equality holds by (1), and it follows that a ∈ H . Next,
since t ∈ H EN ∋ y, it follows from (2) and the fact that [x, y] = 1 that
H ∋ y−1t−1y t = y−1yt = y−1 x−1y2 = x−1y .
Moreover, as a ∈ H and H ⊳ N ∋ y, it also follows from (2) and the fact that
[x, y] = 1 that
H ∋ y−1a−1y a = y−1ya = y−1 xy−2 = xy−3 .
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Therefore H ∋ x−1y xy−3 = y−2, again as [x, y] = 1. Now, as Y = 〈y−2〉 ∼= C(q−ε)
2′
is of odd order, we have proved that Y ≤ H . As x−1y ∈ H it follows that x−1 ∈ H
and hence X = 〈x−1〉 ≤ H .

Proposition 5.3. If G = SLε3(q) with q ≡ −ε (mod 4) an odd prime power, then
K(G) = X(G) = {[k]} .
Proof. Let P be the Sylow 2-subgroup ofG defined in Lemma 5.1(a). Thanks to Lemma 3.7(b)
it is enough to prove that NG(P ) = K
◦
G. We recall that it follows from the definition of
K◦G that K
◦
G ENG(P ). Moreover, by Lemma 5.1(b), we have NG(P ) = P × O2′(CG(P )),
hence it is clear that
P = O2
′
(NG(P )) = NG(P ) ∩O
2′(NG(P )) ≤ K
◦
G .
Therefore, it remains to prove that O2′(CG(P )) ≤ K
◦
G . Now, for Q = 〈u, v〉
∼= C2×C2 as
defined in Proposition 5.2, we have
O2′(CG(P )) ≤ CG(P ) ≤ CG(Q) ≤ NG(Q) = O
2′(NG(Q))
where the last equality holds by Lemma 5.2(d). It follows that
O2′(CG(P )) ≤ NG(P ) ∩O
2′(NG(Q)) ≤ K
◦
G ,
as required. 
6. Proof of Theorem A
Throughout this section we let G denote a finite group with a semi-dihedral Sylow
2-subgroup P of order 2m for some m ≥ 4. Moreover q = rn denotes a power of a prime
number r. We write Q := G/O2′(G) and let Q˜ be a 2
′-representation group of Q.
In order to prove Theorem A, we go through the possibilities for Q given by Proposi-
tion 4.1. We note that as the 2-rank of P is 2 and G does not have any strongly 2-
embedded subgroup by Lemma 4.2, we may always apply Theorem 3.5 and Theorem 3.6.
Lemma 6.1. If G/O2′(G) ∼= P , then K(G) = X(G).
Proof. There are different approaches possible in this case. We can use the fact that G
is 2-nilpotent. Then [CMT11, Conjecture 3.6] together with [NR12, Theorem] prove that
K(G) = X(G).
Else, clearly K(P ) = {[k]} and H2(P, k×) = 1 by Proposition 4.3(a), hence K(G) =
X(G) by Theorem 3.5. (We note that both approaches rely on an argument using the
classification of finite simple groups.) 
Lemma 6.2. If G/O2′(G) ∼= M11, then K(G) = X(G).
Proof. AsQ = M11 has a self-normalising Sylow 2-subgroup it follows from Theorem 3.1(e)
that K(M11) = {[k]}. (See also [LM15, §4.1].) Now, as H
2(M11, k
×) = 1 by Proposi-
tion 4.3(b) it follows from Theorem 3.5 that K(G) = X(G) (or from Theorem 3.6(c) as
Q = Q˜ = M11). 
Lemma 6.3.
(a) If G = SL±12 (q) with q ≡ −1 (mod 4), then K(G) = X(G).
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(b) If G/O2′(G) ∼= SL
±1
2 (q)⋊Cd with q ≡ −1 (mod 4) and d | n is odd, then K(G) =
X(G).
Proof. (a) For G = SL±12 (q) with q ≡ −1 (mod 4) we obtain that K(G) = X(G) by
Lemma 3.3 because G admits a non-trivial central 2-subgroup Z = {±I2}, that is
O2(G) 6= 1.
(b) Now, for Q = SL±12 (q) ⋊ Cd with q ≡ −1 (mod 4) and d | n, Lemma 3.4 yields
K(Q) = X(Q), because N := SL±12 (q)EQ with odd index and K(N) = X(N) by
(a). Furthermore, H2(Q, k×) = 1 by Proposition 4.3(c). Hence K(G) = X(G) by
Theorem 3.5.

Lemma 6.4. If G/O2′(G) ∼= SU
±1
2 (q)⋊Cd with 9 6= q ≡ 1 (mod 4) and d | n is odd, then
K(G) = X(G).
Proof. Since SU±12 (q) admits a central subgroup Z = {±I2} of order 2 and for Q =
SL±12 (q) ⋊ Cd with q 6= 3
2 we have H2(Q, k×) = 1 by Proposition 4.3(d), the same
arguments as in the proof of Lemma 6.3 yield the result. 
Lemma 6.5. If G/O2′(G) ∼= SU
±1
2 (9), then K(G) = X(G).
Proof. First, recall that Q := SU±12 (9) is isomorphic to 2.PGL2(9)
∼= 2.A6.22 . (See e.g.
[ABG70].) By Proposition 4.3(e) we have H2(Q, k×) ∼= C3 and we may choose Q˜ to
be 6.PGL2(9). Therefore Lemma 3.3 yields K(Q˜) = X(Q˜) because Q˜ admits a central
subgroup of order 2, which is therefore a normal 2-subgroup. Finally it follows from
Theorem 3.6(c) that K(G) = X(G). 
Lemma 6.6. If G/O2′(G) ∼= PGL
∗
2(q
2)⋊ Cd where q
2 6=9 is odd and d is an odd divisor
of n, then K(G) = X(G).
Proof. We have PGL∗2(q
2) = PSL2(q
2).2 (see [ABG70, p.17, proof of Lemma 1]). As a
Sylow 2-subgroup of PSL2(q
2) is self-normalising, so is a Sylow 2-subgroup of PGL∗2(q
2).
Therefore K(PGL∗2(q
2)) = X(PGL∗2(q
2)) by Theorem 3.1(e) and hence it follows from
Lemma 3.4 that for Q := PGL∗2(q
2)⋊Cd we have K(Q) = X(Q). Now, as H
2(G, k×) = 1
by Proposition 4.3(f), we obtain from Theorem 3.5 that K(G) = X(G). 
Lemma 6.7.
(a) If G = PGL∗2(9), then K(G) = X(G).
(b) If G = 3.PGL∗2(9), then K(G)
∼= Z/3Z. Moreover, the indecomposable represen-
tatives of the two non-trivial elements of K(G) lie in the two distinct faithful and
dual 2-blocks with full defect B and B∗ of G. Their Loewy and socle series are
respectively
9
9 6
9
and
9∗
9∗ 6∗
9∗
where 9 (resp. 6) denotes the unique 9-dimensional (resp. 6-dimensional) simple
kB-module.
(c) If G/O2′(G) ∼= PGL
∗
2(9), then K(G)/X(G) is isomorphic to a subgroup of Z/3Z.
Proof. (a) The group PGL∗2(9) has a semi-dihedral Sylow 2-sugbgroup P
∼= SD16,
which is self-normalising. Hence the claim follows from Theorem 3.1(e).
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(b) We treat the group G = 3.PGL∗2(9)
∼= 3.A6.23 ∼= 3.M10 entirely via computer al-
gebra using MAGMA [BCP97]. First, we note that the block structure of G can
be found in the decomposition matrices section at the Modular Atlas Homepage
[WTP+, A6.23], where we also read that B has exactly two simple modules, one
of dimension 6 and one of dimension 9.
Now, in this case, NG(P ) = P × Z(G) ∼= P × C3, hence by the definition of
K(G) we need to show that the Green correspondents X1 and X2 of the two non-
trivial 1-dimensional kNG(P )-modules, say 1a and 1b, of NG(P ) are endo-trivial
kG-modules. However, as X1 and X2 must be dual to each other, it suffices to
consider X1.
Loading the Mathieu group M10 we find out that its triple cover G has a permu-
tation representation on 36 points and the group G may be defined as follows:
> S36:=SymmetricGroup(36);
> x1:=S36!(1,2,4,8,20,34,31,36,22,10,9,3)(5,13,15,6,14,28,27,35,21,18,25,11)
(7,16,24,33,30,17)(12,26,23,29,32,19);
> x2:=S36!(1,4,5)(2,6,7)(9,21,22)(10,11,24)(12,27,16)(13,28,18)(14,20,31)
(15,33,23)(17,32,25)(19,26,29)(30,34,35);
> x3:=S36!(2,6,8)(3,10,11)(4,5,12)(7,18,19)(9,21,23)(13,29,30)(14,32,31)
(15,25,27)(16,17,33)(24,28,26)(34,35,36);
> G:=sub<S36|x1,x2,x3>;
We confirm the endo-triviality of X1 with the following code:
> p:=2;
> P:=SylowSubgroup(G,p);
> N:=Normalizer(G,P);
> k:=TrivialModule(P,GF(p^8));
> kN:=Induction(k, N);
> SkN:=IndecomposableSummands(kN);
> [IsIsomorphic(TrivialModule(N,GF(p^8)), SkN[i]) : i in [1..3]];
[ false, true, false ]
> I1:=Induction(SkN[1], G);
> S1:=IndecomposableSummands(I1);S1;
[
GModule of dimension 12 over GF(2^8),
GModule of dimension 33 over GF(2^8)
]
Therefore by the Green correspondence X1 has dimension 33. Then using the
function LeftProjectiveStrip from [Car06, §2], which strips off projective sum-
mands for p-groups, we get:
> X1:=S1[2];
> LeftProjectiveStrip(TensorProduct(Restriction(X1,P),Dual(Restriction(X1,P))));
GModule of dimension 1 over GF(2^8)
Hence the restriction of X1 to P is an endo-trivial module and therefore so is X1,
as required. Finally, from this data we also easily obtain from MAGMA that the
Loewy and socle series are as given.
(c) For Q ∼= PGL∗2(9) we take Q˜ = 3.PGL
∗
2(9) and the claim follows from Theo-
rem 3.6(b) together with (b).

We note that the computation given in part (b) above can be run in less than 120 seconds
and therefore be checked, for example, in the MAGMA online calculator.
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Lemma 6.8. If G/O2′(G) ∼= PSL
ε
3(q).H where q ≡ −ε (mod 4) and H ≤ C(3,q−ε) × Cn
is cyclic of odd order, then K(G) = X(G).
Proof. For Q = PSLε3(q).H with q ≡ −ε (mod 4) and H cyclic, by Proposition 4.3(h), we
have H2(Q, k×) ≤ C3.
If H2(Q, k×) = 1, then we have Q˜ = Q. Now, as K(SLε3(q)) = X(SL
ε
3(q)) by
Proposition 5.3 and SLε3(q) is a 2
′-representation group of PSLε3(q) we also have that
K(PSLε3(q)) = X(PSL
ε
3(q)) by Theorem 3.6(c). Therefore K(Q˜) = X(Q˜) by Lemma 3.4
and it follows from Theorem 3.5 that K(G) = X(G).
Next, if H2(Q, k×) = C3, then we can take Q˜ = N.H with N = SL
ε
3(q). Now, K(N) =
X(N) by Proposition 5.3, so that K(Q˜) = X(Q˜) by Lemma 3.4 because N is normal of
odd index in Q˜. Finally it follows from Theorem 3.6(c) that K(G) = X(G). 
Lemma 6.9. If G/O2′(G) ∼= PSL
ε
3(q).H where q ≡ −ε (mod 4) and H ≤ C(3,q−ε) × Cn
is non-cyclic of odd order, then K(G) = X(G).
Proof. For Q = PSLε3(q).H with q ≡ −ε (mod 4) and H non-cyclic, by Proposition 4.3(i),
we have |H2(G, k×)|
∣∣ 9. First, we note that if |H2(G, k×)| ∈ {1, 3}, then the same argu-
ments as in the proof of Lemma 6.8 yield the result. Assume now that |H2(G, k×)| = 9.
In this case a 2′-representation group Q˜ of Q is a central extension of Q1 := SL
ε
3(q).H with
kernel Z ∼= C3. Since SL
ε
3(q) is normal in Q1, there exists a normal subgroup Y E Q˜ con-
taining Z and such that Y/Z ∼= SLε3(q) and as SL
ε
3(q) is its own 2
′-representation group,
we have that Y ∼= Z × SLε3(q). Therefore, as K(SL
ε
3(q)) = X(SL
ε
3(q)) by Proposition 5.3,
it follows from Lemma 3.4, applied a first time, that K(Y ) = X(Y ) and applied a second
time that K(Q˜) = X(Q˜). Finally, it follows from Theorem 3.6(c) that K(G) = X(G). 
With these results, we can now prove our main Theorem.
Proof of Theorem A. We know from Theorem 3.1(a)–(d) that
T (G) = TT (G)⊕ TF (G) ∼= K(G)⊕ Z/2Z⊕ Z ,
so that it only remains to compute the group K(G) of trivial source endo-trivial modules.
As G/O2′(G) must be one the groups listed in Proposition 4.1, if G/O2′(G) ≇ PGL
∗
2(9),
then it follows from Lemma 6.1, Lemma 6.2, Lemma 6.3(b), Lemma 6.4, Lemma 6.5,
Lemma 6.6, Lemma 6.8 and Lemma 6.9 that K(G) = X(G), hence (a). If G/O2′(G) ∼=
PGL∗2(9), then the assertions in (b) follow directly from Lemma 6.7(a),(b) and (c). 
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